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A field theory is constructed in the context of parameterized absolute parallelism geometry. The
theory is shown to be a pure gravity one. It is capable of describing the gravitational field and a
material distribution in terms of the geometric structure of the geometry used (the parallelization
vector fields). Three tools are used to attribute physical properties to the geometric objects admitted
by the theory. Poisson and Laplace equations are obtained in the linearized version of the theory. The
spherically symmetric solution of the theory, in free space, is found to coincide with the Schwarzschild
exterior solution of the general theory of relativity. The theory respects the weak equivalence
principle in free space only. Gravity and material distribution are not minimally coupled.
PACS numbers: 02.40.Hw, 04.20.Cv, 04.20.Jb
Keywords: PAP-geometry, Doland-McCrea method, Type analysis, Geometric proper density, Geometric
proper pressure, Schwarzschild exterior solution.
I. INTRODUCTION
Gravity is one of the known four interactions usually used to interpret different phenomena in our
Universe. It is widely accepted that the theory of General Relativity (GR) is the best theory for gravity, so
far. The theory is successful in the solar and stellar systems while it has some problems with observations
in larger systems, e.g., the rotation velocity of stars in spiral galaxies [1], observations of SN type Ia [2],
..., etc. In the past three decades, many authors have attempted to modify GR or write new theories for
gravity to get rid of such problems. Some authors suggested a type of modification of GR by using an
action made of a function of the scalar curvature R. This type of modification is known in the literature
as f(R)-theories (cf. [3–7]) and is carried out in the context of Riemannian geometry. Another type of
modification of GR is known in the literature as f(T )-theories (cf. [8–27]), T being the torsion scalar
giving the teleparallel equivalent of general relativity, TEGR, (cf. [28, 29]). This class of modification is
constructed in the context of absolute parallelism (AP-) geometry.
The geometry used by the first group, Riemannian geometry, is characterized by a symmetric metric
linear connection, the Levi-Civita connection. The second group uses a geometry with a non-symmetric
linear connection, Absolute Parallelism (AP-) geometry. The connection is metric and has a non-vanishing
torsion but vanishing curvature. Both groups are working in the context of the geometerization philoso-
phy. This philosophy has proved to be very successful in describing gravity.
In the present work, we use a geometry which has the advantages of both Riemannian and AP-
geometries, the Parametrized Absolute Parallelism (PAP-) geometry. Its linear connection is metric and
has simultaneously non-vanishing torsion and non-vanishing curvature. The aim of the present work is
to construct a field theory, in the context of PAP-geometry, and to explore its physical consequences.
The article is arranged as follows. In Section II, we review briefly the main features of the PAP-
geometry. In Section III, we discuss the choice of a particular Lagrangian and the choice of the field
equations as well. In Section IV, the field equations have been deduced in terms of the PAP-tensors.
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2The analysis of the field theory has been obtained in Section V, this has been done not only by covering
the most successful nonlinear theories but also by comparing the linearized field equations with the
successful linear theories. The linearization of the symmetric part of the field equations leads to Poisson
and Laplace equations. Moreover, we give a physical classification of the field equations using a scheme
known in the literature as the type analysis scheme. In Sections VI, we apply the field equations to a
spherically symmetric spacetime, the solution perfectly produces the Schwarzschild solution in free space.
The work has been concluded by some comments and remarks, Section VII.
II. A BRIEF REVIEW OF PAP-GEOMETRY
In this section we give first a brief account of the AP-geometry. For more details, we refer for example
to [30–34]. Then, we briefly review the PAP-geometry. For more details, we refer to [35–37].
An AP-space is a pair (M,
i
λ), whereM is an n-dimensional smooth manifold and
i
λ (i = 1, · · · , n) are n
independent vector fields defined globally on M . The vector fields
i
λ are called the parallelization vector
fields. An AP-space is also known in the literature as a parallelizable or a teleparallel space.
Let
i
λµ (µ = 1, ..., n) be the coordinate components of the i-th vector field
i
λ. The Einstein summation
convention is applied on both Latin (mesh) and Greek (world) indices, where Latin indices are written
beneath the symbol λ. The covariant components
i
λµ of
i
λ are given via the relations
i
λµ
i
λν = δ
µ
ν ,
i
λµ
j
λµ = δij . (1)
Because of the independence of
i
λ, the determinant λ := det(
i
λµ) is nonzero.
On an AP-space (M,
i
λ), there exists a unique linear connection with respect to which the parallelization
vector fields are parallel. This connection is given by
Γαµν :=
i
λα
i
λµ,ν (2)
and is characterized by the property that
λµ|ν = 0, λ
µ
|ν = 0, (3)
where the comma denotes partial differentiation with respect to the coordinate functions xν and the
stroke denotes covariant differentiation with respect to the connection Γαµν . The connection (2) will be
referred to as the canonical (or Weitzenbo¨ck) connection. The relation (3) is known in the literature as
the AP-condition. Let
Λαµν := Γ
α
µν − Γ
α
νµ (4)
denote the torsion tensor of the canonical connection Γαµν .
The AP-condition (3) together with the commutation formula
i
λα |µν −
i
λα |νµ =
i
λǫPαǫµν +
i
λα |ǫ Λ
ǫ
νµ
forces the curvature tensor Pαµνσ of the canonical connection Γ
α
µν to vanish identically [33]. However,
an AP-space still have other connections which are non-flat, namely, the dual connection
Γ˜αµν := Γ
α
νµ, (5)
and the symmetric connection
Γ̂αµν :=
1
2
(Γαµν + Γ
α
νµ) = Γ
α
(µν). (6)
3Moreover, the parallelization vector fields define a metric tensor on M by
gµν := λ
i
µλ
i
ν (7)
with inverse metric
gµν = λ
i
µ
λ
i
ν . (8)
In view of (3), the canonical connection Γαµν (2) is metric: gµν|σ = 0 and, consequently, g
µν
|σ = 0. The
Levi-Civita connection associated with gµν is
Γ˚αµν =
1
2
gασ (gµσ,ν + gνσ,µ − gµν,σ) . (9)
The Ricci tensor can be written as
Rµν := R
α
µνα = Γ˚
α
µν,α − Γ˚
α
αµ,ν + Γ˚
α
µν Γ˚
β
αβ − Γ˚
β
αµ Γ˚
α
βν . (10)
Summing up, an AP-space possesses at least four natural1 linear connections: (2), (5), (6) and (9). The
properties of these connections are summarized in Table I.
The contortion tensor γαµν is defined by any one of the following two equivalent formulae:
γαµν = Γ
α
µν − Γ˚
α
µν , (11)
γαµν =
i
λα
i
λµ ; ν , (12)
where the semicolon denotes covariant differentiation with respect to Γ˚αµν . Since Γ˚
α
µν is symmetric, it
follows that (using (11))
Λαµν = γ
α
µν − γ
α
νµ. (13)
One can also show that:
Λαµν = γαµν − γανµ, (14)
γαµν =
1
2
(Λναµ + Λαµν − Λµαν) , (15)
where Λµνσ = gǫµΛ
ǫ
νσ and γµνσ = gǫµ γ
ǫ
νσ. It is to be noted that Λµνσ is skew-symmetric in the last
pair of indices whereas γµνσ is skew-symmetric in the first pair of indices. Moreover, it follows, from (14)
and (15), that the torsion tensor vanishes if and only if the contortion tensor vanishes. The contraction
of the torsion or the contortion tensors produces a 1-form Cµ, called the basic form:
Cµ := Λ
α
µα = γ
α
µα. (16)
It has been shown in [36] that parameterizing the above mentioned four linear connections gives the
following object
∇αµν := a1Γ
α
µν + a2Γ˜
α
µν + a3Γ̂
α
µν + a4 Γ˚
α
µν ,
1 By ”a natural geometric object” we mean that this object is formed of the building blocks of the geometry only, i.e., in
terms of the parallelization vector fields λ
i
only.
4TABLE I: Linear connections in AP-space and PAP-space
connection
connection covariant torsion curvature metricity
coefficient derivative tensor tensor
A
P
-S
p
a
ce
canonical Γαµν | Λ
α
µν 0 X
dual Γ˜αµν |˜ −Λ
α
µν R˜αµνσ ×
symmetric Γ̂αµν |̂ 0 R̂
α
µνσ ×
Riemannian
Γ˚αµν ; 0 R
α
µνσ X(Levi-Civita)
P
A
P
-S
p
a
ce
parameterized
∇αµν ‖ b Λ
α
µν B
α
µνσ Xcanonical
parameterized
∇˜αµν ‖˜ −b Λ
α
µν B˜αµνσ ×dual
parameterized
∇̂αµν ‖̂ 0 B̂
α
µνσ ×symmetric
Assuming that this object is a linear connection, it can be written, after some calculations, as
∇αµν = Γ˚
α
µν + b γ
α
µν , (17)
where b is a parameter to be discussed later. Geometrical and physical arguments for such parametrization
are given in [36].
The linear connection (17) will be referred to as the parameterized canonical connection. This connec-
tion is metric. It is also non-symmetric due to the non-symmetry of the contortion γαµν . Consequently,
its dual ∇˜αµν and its symmetric part ∇̂
α
µν exist and are defined by:
∇˜αµν = ∇
α
νµ = Γ˚
α
νµ + b γ
α
νµ, (18)
∇̂αµν =
1
2
(∇αµν +∇
α
νµ). (19)
These connections will be called parameterized dual and parameterized symmetric connections respec-
tively. We then have, in addition to the four connections of the AP-space, three more connections: (17),
(18), and (19).
The parameterized torsion, parameterized contortion and parameterized basic form are then given
respectively by:
∗
Λ
α
µν = bΛ
α
µν ,
∗
γαµν = b γ
α
µν ,
∗
Cµ = b Cµ. (20)
When we consider the parameterized connections we will speak of parameterized AP-space (PAP-
space) and parameterized AP-geometry (PAP-geometry). From now on, any geometric object living
in a PAP-space will be decorated by an asterisk, meaning that it contains powers of the parameter b,
starting from the first order. Consequently, the vanishing of b will lead to the vanishing of this object.
Table I gives a summary of the connections and their associated geometric objects in AP-space [33]
and PAP-space. This table also clarifies the discussion that follows (at the end of the present section).
Table II represents the PAP-version of Mikhail’s table [30]. The later can be recovered by setting b = 1,
where the || covariant derivative reduces to the | one. The tensors mentioned in Table II are expected
to be of extreme importance in physical applications as in the AP-case (cf., [38–41]). In Table II, the
tensor
∗
∆αµν is defined by
∗
∆αµν =
∗
γαµν +
∗
γανµ. Since the AP-space is recovered, we may consider the
following relation for the Ricci tensor (10)
Rµν =
1
2
(ψµν − φµν − θµν) + ωµν ,
5TABLE II: Second order world tensors in PAP-geometry
skew-symmetric symmetric
∗
ξµν :=
∗
γµν
α
‖α = bγµν
α
‖α
∗
ζµν :=
∗
Cα
∗
γµν
α = b2Cαγµν
α
∗
ηµν :=
∗
Cα
∗
Λ
α
µν = b
2CαΛ
α
µν
∗
φµν :=
∗
Cα
∗
∆
α
µν = b
2Cα∆
α
µν
∗
χµν :=
∗
Λ
α
µν‖α = bΛ
α
µν‖α
∗
ψµν :=
∗
∆
α
µν‖α = b∆
α
µν‖α
∗
εµν :=
∗
Cµ‖ν −
∗
Cν‖µ = b(Cµ‖ν − Cν‖µ)
∗
θµν :=
∗
Cµ‖ν +
∗
Cν‖µ = b(Cµ‖ν +Cν‖µ)
∗
κµν :=
∗
γαµσ
∗
γσαν −
∗
γανσ
∗
γσαµ
∗
̟µν :=
∗
γαµσ
∗
γσαν +
∗
γανσ
∗
γσαµ
= b2(γαµσγ
σ
αν − γ
α
νσγ
σ
αµ) = b
2(γαµσγ
σ
αν + γ
α
νσγ
σ
αµ)
∗
σµν :=
∗
γασµ
∗
γσαν = b
2γασµγ
σ
αν
∗
ωµν :=
∗
γαµσ
∗
γσνα = b
2γαµσγ
σ
να
∗
αµν :=
∗
Cµ
∗
Cν = b
2CµCν
and the important identity
ηµν + εµν − χµν ≡ 0. (21)
The main advantages of the parametrization process are:
1. The most important connections in AP-geometry, namely, the canonical connection (2) and the
Levi-Civita connection (9) are related via (17) (together with (11)).
2. The parameterized canonical connection ∇αµν is the only natural connection in the PAP-space
which is metric and having non-vanishing torsion and non-vanishing curvature. It
is more interesting than the canonical connection which has no curvature and the Levi-Civita
connection which has no torsion.
3. The connection ∇αµν reduces to the canonical connection when b = 1 and to the Levi-Civita
connection when b = 0.
4. The parameter “b” in (17) plays an important role in physical applications, especially in geometric
field theories [42–46]. This point will be discussed later in Section VII.
III. A LAGRANGIAN FUNCTION IN PAP-GEOMETRY
It is well known that the GR-theory can be formulated by choosing the Ricci scalar to construct a
Lagrangian density in the Einstein-Hilbert action. This led some authors [31, 47, 48] to examine the
curvature scalars of the connections mentioned in Table I. Among these connections, we are going to
consider the curvature scalar of the parameterized dual connection ∇˜αµν to construct a new Lagrangian
density. Our choice is motivated by the success of the Generalized Field Theory (GFT) ([49], [50]) based
on the dual connection Γ˜αµν of the AP-geometry. We next use a variational method, Dolan-McCrea
method, to find out the field equations.
6The curvature tensor B˜αµνσ of ∇˜
α
µν , calculated using (18), gives
B˜αµνσ = R
α
µνσ +
∗
Qαµνσ, (22)
where Rαµνσ is the Riemannian curvature tensor associated with (9) and
∗
Q is the tensor field of type
(1,3) given by
∗
Qαµνσ =
∗
γασµ ; ν −
∗
γανµ ;σ +
∗
γǫσµ
∗
γανǫ −
∗
γǫνµ
∗
γασǫ, (23)
which is a parameterized tensor of type (1, 3) expressed in terms of the parameterized contortion (or
torsion). Contracting the curvature tensor B˜αµνσ, by setting α = σ, we get
B˜µν = Rµν −
∗
γανµ ;α +
∗
γǫαµ
∗
γανǫ,
where B˜µν := B˜
α
µνα and Rµν is the Ricci tensor.
Contracting again by gµν , a scalar B˜ := gµνB˜µν is given by
B˜ = R+
∗
C
α
;α +
1
2
∗
Λ
ǫ
αµ
∗
γαµǫ.
Now, let us define a Lagrangian density L by
L = λB˜ = λ (R+
∗
C
α
;α +
1
2
∗
Λ
ǫ
αµ
∗
γαµǫ). (24)
It can be shown that λ
∗
Cα;α = (λ
∗
Cα),α. As this term has no contribution, the Lagrangian density takes
the form
L = λ(R +
1
2
∗
Λ
ǫαµ
∗
γαµǫ). (25)
The density function appears as the Ricci scalar in addition to an extra scalar term that consists mainly
of torsion.
We are going now to apply a variational method alternative to the action principle procedure. It
has been suggested by Dolan and McCrea [51] in the context of Riemannian geometry. Dolan-McCrea’s
(DM-) method has been applied to AP-geometry, by Mikhail and Wanas, to construct a unified field
theory [49]. This method requires a scalar Lagrangian density function of the form
L = L(λ
i
µ, λ
i
µ,ν , λ
i
µ,νσ) = λL, (26)
where L(λ
i
µ, λ
i
µ,ν , λ
i
µ,νσ) is a scalar field, function of λ
i
µ and its first and second derivatives. One of
the benefits of using DM-method is investigating differential identities admitted by a certain geometry.
This allows studying conservation and choosing field equations. When applying the DM-method in
AP-geometry we get the identity
Hβ
ν |˜ β
≡ 0, (27)
where
Hβν :=
δL
δλ
i
β
λ
i
ν , (28)
7and
δL
δλ
i
β
:=
1
λ

 ∂L
∂λ
i
β
−
∂
∂xγ

 ∂L
∂λ
i
β,γ

+ ∂2
∂xγ∂xσ

 ∂L
∂λ
i
β,γσ



 . (29)
Considering the identity (27) as a generalization of Bianchi second identity in the AP-space (or PAP,
see theorems 1 and 2 of Ref. [37]), we can assume that it gives, physically, a tensorial form of a type of
conservation. Consequently, it gives rise to the field equations2
Hµν = 0, (30)
where Hµν is non-symmetric as clear from its definition (28), defined in the PAP geometry. Thus we
have 16 field equations in 16 field variables λ
i
µ. As stated above the identity (27) has been considered
as a generalization of conservation. The conserved quantities are given by the components of the tensor
Hµν .
IV. FIELD EQUATIONS
In this Section we apply the DM-method to the Lagrangian density (25). We have [47]
δλ
δλ
i
β
=
∂λ
∂λ
i
β
= λ λ
i
β .
The δ-derivation of the torsion tensor is
δ
∗
Λǫαµ
δλ
i
β
:=
∂
∗
Λǫαµ
∂λ
i
β
−

∂ ∗Λǫαµ
∂λ
i
β,γ


,γ
,
where
∂
∗
Λǫαµ
∂λ
i
β
= −λ
i
σ(g
βα
∗
Λ
ǫσµ + gβµ
∗
Λ
ǫασ) + λ
i
ǫ
∗
Λ
βµα − λ
i
α
∗
Λ
ǫβµ − λ
i
µ
∗
Λ
ǫαβ,
∂
∗
Λǫαµ
∂λ
i
β,γ
= gβαgγµλ
i
ǫ − gγαgβµλ
i
ǫ.
Also, the δ-derivation of the contortion tensor is
δ
∗
γαµǫ
δλ
i
β
:=
∂
∗
γαµǫ
∂λ
i
β
−

∂ ∗γαµǫ
∂λ
i
β,γ


,γ
,
2 As AP-geometry and PAP-geometry are defined by the same geometric structure λ
i
and since the DM-method depends
on a Lagrangian which is a function of λ
i
, the identity (27) which have been obtained in the AP-geometry framework [49]
is still valid in PAP-geometry.
8where
∂
∗
γαµǫ
∂λ
i
β
=
1
2
λ
i
σ(δ
β
α
∗
Λ
σ
µǫ + δ
β
µ
∗
Λ
σ
ǫα − δ
β
ǫ
∗
Λ
σ
αµ),
∂
∗
γαµǫ
∂λ
i
β,γ
=
1
2
λ
i
µδ
βγ
[ǫα] +
1
2
λ
i
ǫδ
βγ
[µα] +
1
2
λ
i
αδ
βγ
[µǫ],
with δβγ[ǫα] := δ
β
ǫ δ
γ
α − δ
β
αδ
γ
ǫ . Substituting the above differential quantities into (28), using (29), the field
equations (30) read
Hµν =− 2Gµν + gµν
∗
γǫασ
∗
γασǫ − 2
∗
γαµǫ
∗
γǫαν
+2b(
∗
γαµν‖α −
∗
Cα
∗
γαµν +
∗
γαµǫ
∗
γǫαν +
∗
γαµǫ
∗
γǫνα) = 0,
(31)
where Gµν is the Einstein tensor. It is clear that Hµν is a non-symmetric tensor defined in PAP-geometry.
In the next section we discuss the physical consequences of these field equations.
V. PHYSICAL ANALYSIS OF THE THEORY
In order to give some physical information about the theory suggested, we are going to apply three
ideas. These are to be applied before solving the equations of the theory. The first (Subsection VA) is
comparing the symmetric and skew-symmetric parts of the field equations with nonlinear field theories,
GR and Einstein-Maxwell theories. The second (Subsection VB) is comparing the content of the theory
with linear field theories, Newton and Maxwell’s theories. The third (Subsection VC) is examining the
capability of the theory to represent physical fields and their strengths.
A. Comparison with nonlinear field theories
a. Symmetric part of the field equations. Using the tensors of Table II, the symmetric part of the
field equations (31) is given by
H(µν) = −2Gµν − (
∗
̟µν −
1
2
gµν
∗
̟) + b(
∗
ψµν −
∗
φµν +
∗
̟µν + 2
∗
ωµν) = 0. (32)
Consequently, it can be written as
Rµν −
1
2
gµνR = −
1
2
∗
Tµν , (33)
where
∗
Tµν := (
∗
̟µν −
1
2
gµν
∗
̟)− b(
∗
ψµν −
∗
φµν +
∗
̟µν + 2
∗
ωµν). (34)
Comparing with the GR, we can take the LHS of the field equations (33) as representing the gravitational
field and gµν as representing the gravitational potential. The RHS is suggested to represent a material-
energy distribution. As the LHS of (33) satisfies the contracted Bianchi differential identity, the RHS
gives rise to the conservation relation
∗
T
µν
;µ = 0. (35)
One of the main differences between the field equations (33) of the present theory and the corresponding
field equations of GR is that the material-energy distribution (34) is given as a pure geometric object
while it has been given phenomenologically in GR. This is an advantage of the theory and will be
discussed later.
9b. Skew-symmetric part of the field equations. Using the tensors of Table II, the skew-symmetric
part of (31) is given by
H[µν] = b(
∗
χµν −
∗
ηµν) + (b − 1)
∗
κµν = 0. (36)
One can show that
∗
ηµν = b
2ηµν ,
∗
κµν = b
2κµν and
∗
χµν = bχµν + b(b − 1)(ηµν − κµν). After some
manipulation, taking the identity (21) into account, the above field equations reduce to
b2εµν = 0, (37)
which can be written as
b(
∗
Cµ,ν −
∗
Cν,µ) =
∗
ηµν .
So, if we set
∗
Fµν :=
∗
ηµν , (38)
the skew part of the field equations is written as
∗
Fµν = b(
∗
Cµ,ν −
∗
Cν,µ). (39)
Comparing with the Einstein-Maxwell theory, we suggest to take the basic form
∗
Cµ to represent the
electromagnetic potential and (38) to describe the electromagnetic field strength. This will be made more
clear in the next section.
B. Comparison with linear field theories
In classical linear field theories the equations are sometimes quantitatively poor but qualitatively clear.
Contrarily, in modern theories the equations are highly nonlinear, which quantifies accumulating small
effects. But the physical interpretation of the equations’ structure becomes more difficult. This difficulty
can sometimes be overcame by linearizing the equations when assuming a weak static field and slow
motion. So, it is convenient to write the field equations (31) in a linearized form in order to compare
them with the classical linear field theories and to clarify the physical entities of the equations.
In the following we let dim M = 4. Then, we expand the tetrad fields λ
i
(i = 1, · · · 4) as
λ
i
µ = δiµ + ǫh
i
µ, (40)
where δiµ is the kroneckar delta, h
i
µ are functions representing the deviation of the tetrad from being
Galilean and ǫ is a small parameter such that we can neglect ǫ2 and higher orders. Now, we are able to
expand any function of λ
i
(e.g., a second order tensor components Aµν) as follows
Aµν =
(0)
Aµν +
(1)
Aµν +
(2)
Aµν + ...,
where
(0)
Aµν is of zero order in ǫ,
(1)
Aµν is linear in ǫ,
(2)
Aµν is quadratic in ǫ, and so on. In what follows we
neglect the quadratic and the higher terms in ǫ.
Now, expanding λ
i
µ, gµν and g
µν , we get
λ
i
µ =
(0)
λ
i
µ +
(1)
λ
i
µ +O(ǫ2) = δiµ − ǫ h
µ
i +O(ǫ
2), (41)
gµν =
(0)
g µν +
(1)
g µν +O(ǫ
2) = δµν + ǫ yµν +O(ǫ
2), (42)
gµν =
(0)
g µν +
(1)
g µν +O(ǫ2) = δµν − ǫ yµν +O(ǫ
2), (43)
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TABLE III: Expansion of fundamental tensors in terms of the order of ǫ
Geometric Objects
Terms of Terms of Terms of Terms of third
0-order first order second order and higher order
λ
i
µ X X × ×
gµν X X X ×
λ
i
µ, gµν X X X X
Γ˚αµν ,
∗
γαµν ,
∗
∇
α
µν , × X X X∗
Λ
α
µν ,
∗
∆
α
µν ,
∗
Cα
∗
ξµν ,
∗
χµν ,
∗
εµν × X X X
∗
θµν ,
∗
ψµν , Rµν × X X X
∗
ζµν ,
∗
ηµν ,
∗
κµν × × X X
∗
φµν ,
∗
̟µν ,
∗
ωµν , × × X X∗
σµν ,
∗
αµν
where
yµν := h
µ
ν + h
ν
µ. (44)
Moreover, the canonical connection (2) and the Riemannian connection (9) can be written respectively
as
(1)
Γ
α
µν = ǫ h
α
µ,ν , (45)
(1)
Γ˚ αµν =
ǫ
2
(yµα,ν + yνα,µ − yµν,α). (46)
Also, substituting from (45) and (46) into (11) and using (13), (16) and (20), we get the linearized
expressions
(1)
∗
Λ
α
µν = ǫ(h
α
µ,ν − h
α
ν,µ),
(1)
∗
γ αµν = ǫh
α
µ,ν −
ǫ
2
(yµα,ν + yνα,µ − yµν,α),
(1)
∗
C µ = ǫ(h
α
µ,α − h
α
α,µ). (47)
Similarly, all the fundamental tensors given in Table II can be linearized. For example,
(1)
∗
∆
α
µν = ǫ (yµν,α − h
µ
α,ν − h
ν
α,µ), (48)
Table III [47] classifies the fundamental tensors of Table II according to the order of ǫ appearing in their
expanded expressions.
The main aim of this part of the work is to linearize the symmetric part (32) and the skew-symmetric
part (36) of the field equations, which allows a comparison between the linearized symmetric equation
and Newton’s theory of gravity and a comparison between the linearized skew-symmetric equation and
Maxwell’s theory of electromagnetism.
a. Linearizing the symmetric part of the field equations. The symmetric part (33) of the field equations
(31) can be written in the alternative form:
Rµν = −
1
2
(
∗
Tµν −
1
2
gµν
∗
T ), (49)
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where
∗
T := gµν
∗
Tµν . Using (34) together with Table II, the linearized form of equations (49) is written
as
(1)
Rµν =
b
2
(
(1)
∗
ψ µν −
1
2
δµν
(1)
∗
ψ ), (50)
where
∗
ψ := gµν
∗
ψµν . However, the linearized Ricci tensor can be evaluated by inserting (46) into (10),
which gives
(1)
Rµν =
1
2
(yµν,αα − yµα,αν − yνα,αµ + yαα,µν). (51)
We first consider the case of vanishing b, which gives rise to a gravitational field in an empty space as
clearly shown by (50). Using the harmonic gauge conditions Γ˚µαα = 0, i.e. yµα,α =
1
2yαα,µ, the linearized
form of the field equations (50) in an empty space Rµν = 0 can be written as
3

2 yµν = 0, (52)
where 2 is the d’Alembert operator. The plane wave solution is a useful particular solution for the wave
equation (52), which is given by
yµν = Cµνe
ikαx
α
, (53)
where the symmetric tensor Cµν is the polarization tensor in the linearized regime and k
α is the wave
vector. Since not all the components of yµν vanish everywhere, one can find that the plane wave (53) is
a solution to the linearized field equations (52) when the following two conditions are fulfilled [52]: (i)
the wave vector is null, i.e. kαk
α = 0; and (ii) the wave vector is orthogonal to Cµν , i.e. kµC
µν = 0.
In this sense, one can interpret the transmission of the gravitation in free space as gravitational waves
propagating at the speed of light. These waves can be fully characterized by kα and Cµν . The temporal
component of the wave vector is the frequency of the wave, while the non vanishing components of
Cµν give two modes of polarizations of a gravitational wave representing two states of a massless spin-2
particle (graviton).
We have shown that the propagation of gravitation in an empty space can be covered by the present
theory in the same sense as in GR. However, the more general case b 6= 0 implies that the linearized form
of the field equations (50) to be

2 yµν =
b
2
(
(1)
∗
ψ µν −
1
2
δµν
(1)
∗
ψ ), (54)
The above equation may have a novel feature characterizing the production of gravitational radiation
by sources, where the non-minimal coupling between matter and gravity is adopted. This relates the
tensors that describe the matter distribution (34) to some important physical quantities, especially when
the higher order terms are accounted. To clarify this point we give an example by considering the case
µ = ν = 4 (the temporal component) in the above equation. This allows to write
∇2 y44 = b

(1)∗ψ 44 − 2(
(1)
∗
ψ 11 +
(1)
∗
ψ 22 +
(1)
∗
ψ 33 +
(1)
∗
ψ 44)

 , (55)
where ∇2 is the 3-dimensional Laplacian. It seems that the tensor
∗
ψµν is responsible for describing the
material distribution in its linearized form.
3 In (52)-(54) we have relaxed the assumption of the static field.
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For an isotropic perfect fluid we may define
p0 :=
(1)
∗
ψ 11 ≃
(1)
∗
ψ 22 ≃
(1)
∗
ψ 33, ρ0 :=
(1)
∗
ψ 44,
where p0 and ρ0 denote the proper pressure and proper density of the fluid (measured in geometric units),
respectively.
So far we have used the weak and static filed assumption. Recalling the kinetic theory of gases, one
can easily find out a quadratic behavior, in velocity, of the fluid pressure p0. Accordingly, the spatial
components of
∗
ψµν are quadratic in velocity. Imposing the slowly moving test particle assumption, indeed,
leads to neglecting the contribution of the spatial components of
∗
ψµν . Consequently, the linearized form
of the symmetric field equations (55) becomes
∇2y44 = −bρ0. (56)
Now, let us define the function
φ := k(g44 − 1) = (kǫ)y44 = ay44, (57)
by (42), where a is a parameter adjusting the order of magnitude of φ. Then, equation (56) can be
written as
∇2φ = −abρ0, (58)
This equation has a form similar to the classical Poisson’s equation, which is
∇2ΦN = −
8πG
c2
ρ, (59)
where ΦN is the Newton gravitational potential, G is the Newton gravitational constant and c is the speed
of light. Comparing the above two equations, (58) may be considered as Poisson’s equation provided that
we take ρ = c2ρ0 and ab = 8πG. This supports the following attributions: the gravitational potential
to φ or gµν , via (57), and the material-energy distribution to
∗
Tµν .
On the other hand, if we take ρ0 = 0 or b = 0, then the field equations reduce to Laplace’s equation
∇2φ = 0, (60)
which gives a further support to the above attributions.
b. Linearizing the skew part of the field equations. In order to compare the skew part of the suggested
field equations with Maxwell’s theory, we express (39) in its linearized form:
(1)
∗
F µν = b(
(1)
∗
C µ,ν −
(1)
∗
C ν,µ) = 0. (61)
It is to be noted that the vanishing of
(1)
∗
F µν in (61) follows from (38) and Table III. Making use of (37),
(38) and Table III, one concludes that the electromagnetic field strength
∗
Fµν has no linear behavior.
Consequently, the above equations do not represent conventional electromagnetic field that is induced by
an electromagnetic potential
∗
Cµ. In other words, the above equations will not reduce to the Maxwell’s
equations. This leads us to the conclusion that the field theory suggested is a pure gravity theory. This
result will be justified in Section VI.
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TABLE IV: Type Analysis
Tensors Physical Meaning Code
Rαβγδ = 0,
∗
Tµν = 0 neither gravity nor material distribution G0
Rαβγδ 6= 0,
∗
Tµν = 0 gravitational field in free space GI
Rαβγδ 6= 0,
∗
ψµν 6= 0,
∗
Nµν = 0,
∗
̟ = 0 gravitational field within GII
a material distribution
Rαβγδ 6= 0,
∗
ψµν 6= 0,
∗
Nµν 6= 0,
∗
̟ = 0 strong gravitational field GIII
within a material distribution
Rαβγδ 6= 0,
∗
ψµν 6= 0,
∗
Nµν 6= 0,
∗
̟ 6= 0 very strong gravitational field GIV
within a material distribution.
C. Type analysis
The third tool is called “Type Analysis”. It is not well known in the literature although it has been
proved to be useful in the applications of any field theory constructed in AP-geometry [38, 40, 41, 53].
Type analysis was originally suggested by Mikhail and Wanas [50] in the context of the GFT [49]. It gives
the capability of any AP-structure to represent physical entities. The type analysis depends mainly on
the expansion Table III, which is theory independent and can be used for both AP and PAP structures.
Although the linearization scheme related to this table is not generally covariant, the type analysis is a
covariant tool since it is based on vanishing of tensors.
For example, in the context of Riemannian geometry, a metric with vanishing curvature tensor is not
appropriate to represent gravity and is characterized by the code G0, while a metric with non-vanishing
curvature tensor can be used to represent gravity and is given the code GI.
In AP- (or PAP-) spaces, there are many tensors which enable to attribute more codes, corresponding
to the tensor expressions constituting the field equations. In the context of the theory constructed in the
present work, it is shown in subsection VB that the theory is free from (conventional) electromagnetism.
So, we manufacture the type codes for pure gravity. According to the order of ǫ appearing in the tensors
constituting the symmetric part of the field equations, we write this symmetric part in the form
Gµν = −
1
2
∗
Tµν ,
where, using (34),
∗
Tµν = −b
∗
ψµν +
∗
Nµν −
1
2
gµν
∗
̟,
and
∗
Nµν := (1− 2b)
∗
ωµν + b(
∗
φµν − 2
∗
ωµν).
The above tensors, together with the curvature tensor Rαµνσ are those responsible for the type. Table
IV gives the different codes for gravity and material distribution.
VI. SOLUTION IN THE CASE OF SPHERICAL SYMMETRY
In this section we aim to apply the field equations (31) to the spherical symmetry case. This allows us
to construct a model suitable to describe some astrophysical systems.
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For the spherical symmetry case, the most general AP-structure constructed by Robertson [54] is given,
in the coordinate system (r, θ, ϕ, t), by
(λ
i
µ) =


B sin θ cosϕ B
r
cos θ cosϕ −B sinϕ
r sin θ 0
B cos θ cosϕ B
r
cos θ sinϕ B cosϕ
r sin θ 0
B cos θ −B
r
sin θ 0 0
rE 0 0 A

 , (62)
where A, B and E are functions of r only.
In the context of the present field theory, evaluating the tensors listed in the first column of Table IV,
one can show that the tetrad (62) is of type GIV . This means that it is capable of representing strong
gravitational field within a material distribution.
Using (7) and (62), the covariant components of the metric tensor are
(gµν) =


1
B2
0 0 − rE
AB2
0 r
2
B2
0 0
0 0 r
2 sin2 θ
B2
0
− rE
AB2
0 0 r
2E2+B2
A2B2

 , (63)
Making use of (62), (63) and the tensors of Table II, the field equations (31) give rise to a highly
nonlinear system of second order differential equations in A(r), B(r) and E(r). A solution of one of these
equations, consistent with the others, is E(r) = 0. Letting E(r) = 0 in the above mentioned system, the
field equations reduce to the following system:
b2
[
2B′2
B2
−
4B′
rB
+
A′2
A2
]
+
2B′2
B2
+
4B′A′
AB
−
4B′
rB
−
4A′
rA
= 0, (64)
b2
[
2r2B′2
B2
−
2r2B′′
B
−
r2A′2
A2
+
2r2B′A′
AB
−
2rB′
B
]
−
2r2B′′
B
+
4r2A′2
A2
−
2r2A′′
A
+
2r2B′2
B2
−
2rA′
A
−
2rB′
B
= 0,
(65)
b2
[
−2B2A′′
A3
−
2B′2
A2
+
2B′BA′
A3
+
3B2A′2
A4
−
4B2A′
rA3
]
−
4BB′′
A2
+
6B′2
A2
−
8B′B
rA2
= 0. (66)
Examining the tensor responsible for the type, after the vanishing of the function E(r), we find that
the type is still GIV . This point will be discussed in the next section.
The exterior solution:
This case is interesting for various reasons. Firstly, it facilitates comparison with one of the most
successful solutions of GR, the Schwarzschild exterior solution. Secondly, it provides an implicit test of
the type analysis scheme. Thirdly, it helps explaining the capability of the suggested theory to cover
known physics in this special case.
Using the definitions of the tensors in the first column of Table IV, we can easily show that if b = 0, the
type of the tetrad (62) reduces to GI. This means that it is capable of representing a static gravitational
field outside a spherically symmetric material distribution. Now, the above system for b = 0 reduces to
2B′2
B2
+
4B′A′
AB
−
4B′
rB
−
4A′
rA
= 0, (67)
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−2r2B′′
B
−
2r2A′′
A
+
2r2B′2
B2
−
2rB′
B
+
4r2A′2
A2
−
2rA′
A
= 0, (68)
−4BB′′
A2
+
6B′2
A2
−
8BB′
rA2
= 0. (69)
The solution of this system is
A = −c1
[
c2r − c3
c2r + c3
]
, B =
4r2
(c2r − c3)2
, (70)
where c1, c2 and c3 are arbitrary constants. Substituting from (70) into (63), the line element for this
system will be
ds2 =
[
c2r − c3
2r
]4
(dr2 + r2dθ2 + r2 sin2 θ dφ2) +
1
c12
[
c2r + c3
c2r − c3
]2
dt2. (71)
Choosing the arbitrary constants as (c1, c2, c3) = (i, 2, −m), the line element (71) takes the form
ds2 =
(
1 +
m
2r
)4
(dr2 + r2dθ2 + r2 sin2 θ dφ2)−
(
1−m/2r
1 +m/2r
)2
dt2. (72)
This gives rise to the proper time τ :
dτ2 = −
(
1 +
m
2r
)4
(dr2 + r2dθ2 + r2 sin2 θ dφ2) +
(
1−m/2r
1 +m/2r
)2
dt2, (73)
which is identical to the Schwarzschild field in isotropic coordinates, m being the geometric mass of the
source of the field.
The linearization of the field equations shows that taking the parameter b = 0 in Poisson’s equation
(58) gives rise to Laplace’s equation, describing the field in free space. Moreover, the above treatment
shows that the field equations with spherical symmetric distribution produces the Schwarzschild exterior
solution when considering the matching condition b = 0. This case corresponds to the code GI according
to the type analysis of Table IV.
On the other hand, the case b 6= 0 may allow the model to describe the field within a material
distribution (code GIV ), which provides an interior solution beneficial in constructing a stellar model.
This work is in progress now.
VII. DISCUSSION AND CONCLUDING REMARKS
In the present work, we suggest a pure geometric gravity theory. The theory is constructed in the
framework of PAP-geometry using the Dolan-McCrea variational method. We conclude the paper by the
following comments and remarks.
1. The theory constructed has the following general features:
(a) In 4-dimensions it has 16 field equations (31) in 16-field variables (the tetrad vector field
components). All physical quantities covered by the theory are defined in terms of the tetrad
vector fields.
(b) A new feature of the theory is that it describes a material-energy distribution in a pure geometric
form (34).
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(c) The theory is generally covariant, i.e., it satisfies the general covariance (relativity) principle.
(d) The PAP-geometry admits a general path equation [35]
d2xµ
dτ2
+ Γˆµαβ
dxα
dτ
dxβ
dτ
= −bΛ(αβ)
µ dx
α
dτ
dxβ
dτ
, (74)
where τ is a parameter characterizing the path. It is clear that this equation can be used as an
equation of motion of any spinning test particle in a gravitational field [35]. Consequently, the
suggested theory violates the weak equivalence principle. This principle is only satisfied in the case
b = 0, we will discuss this issue in some details latter in this section.
2. Three different tools have been used to attribute physical meaning to the geometric objects of the
theory. These tools support the theory in a consistent manner.
(a) The first tool (Subsection VA) is comparing the suggested theory with nonlinear field theories.
The symmetric part of the field equations (32) is compared with the field equations of GR. The
comparison enables to attribute the gravitational potential to the metric tensor gµν , the field
strength to the tensor Gµν and the material-energy distribution to the tensor
∗
Tµν . On the other
hand, the comparison of the skew part of the field equations (36) with Einstein-Maxwell’s theory
shows that the theory suggested has no electromagnetic counterpart in the conventional sense. The
theory is thus a pure gravitational one.
(b) The second tool (Subsection VB) is comparing the suggested field theory with linear field the-
ories. For this purpose, the theory has been linearized by assuming a weak static field and a slowly
moving test particle. The comparison between the linearized symmetric part of the field equations
and Newton’s theory supports the above mentioned attributions. Furthermore, a geometric def-
inition of the proper density and proper pressure for an isotropic perfect fluid is proposed and a
Poisson-type equation is obtained. The comparison between the linearized skew-part of the field
equations and Maxwell’s theory supports the above mentioned result that the theory suggested is
a pure gravity one.
(c) The third tool, type analysis (Subsection VC), depends mainly on the expansion Table III
and the tensors constituting the field equations. This tool is generally covariant in spite of its
dependance on the linearization scheme. It measures the capability of a geometric structure, used
in applications, for describing physical fields and gives physical information about this structure
even before solving the field equations of the theory.
3. Applications of a theory yield more deep physical insight to the geometric objects included in the
theory. This is often done in certain special cases characterized by a group of symmetry. The
present theory has been applied to a general AP-structure having spherical symmetry.The type of
the AP-structure used (62) is found to be GIV and consequently the field equations (64)-(66) are
capable of describing a strong gravitational field within a material distribution. The solution in
this case needs more deep investigation and is postponed to a future work, in progress now.
4. The vanishing of the parameter b of the PAP-geometry reduces the type of (6.1) from GIV to
GI and the set of differential equations from (64)-(66) to (67)-(69). The new type GI indicates
that the theory is capable of describing gravitational field outside a spherically symmetric material
distribution. Integrating the field equations (67)-(69) and adjusting the arbitrary constants give
rise to the Schwarzschild exterior solution. On the other hand, the equations of motion (74) of the
theory reduce, in this case, to the geodesic equations. This permits to conclude that the present
theory has the same advantages of GR besides other advantages which may be gained upon relaxing
the conditions b = 0.
5. The geometry used in the present work contains a parameter b, see (17). This is one of the main
characteristic of the PAP-geometry. This geometry covers the domain of the Riemannian geometry
for b = 0, while it reduces to the AP-geometry for b = 1. It is to be noted that the parameter b
is neither 0 nor 1. The results of three different experiments has been used to fix a value for the
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parameter b [42, 43, 45]. It is found to be around 10−3. The theory given in the present work is
calculated within the context of the PAP-geometry.
6. The theory generally violates the WEP. To explore this result in more details, let us start by giving
a discussion of the WEP from the point of view of GR, the standard theory for gravity, so far. In
this theory there are two types of equations. The field equations
Rµν −
1
2
gµνR = −κTµν , (75)
and the geodesic equations of motion
dUα
ds
+ Γ˚αµνU
µUν = 0. (76)
The WEP is satisfied by the two equations as follows. Due to the minimal coupling used in deriving
equation (75), the gravitational mass associated with the LHS equals the inertial mass associated
with the RHS. The equality of these two masses represents one way of expressing the WEP. The
above discussion would not be so clear in the case of the field in empty space, i.e. when the field
equations (75) becomes
Rµν = 0. (77)
So, it is more appropriate to switch the discussion to the equations of motion (76). These equations
have no parameter related to the intrinsic properties of the moving test particle. The equations of
motion (76) show that “free fall is independent of the intrinsic properties of the falling particle”.
This is an alternative statement of the WEP. It is more appropriate for discussing this principle in
any suggested theory.
Now, let us discuss the WEP in the context of the present work recalling Eddington [55] viewpoint
about the WEP
“... it is to be regarded as a suggestion rather than a dogma admitting of no exception.”
This means that it is not necessary, in general, for this principle to be admitted in the theory.
For the present theory, in general, the WEP is not satisfied because of two reasons: The first is
the non-minimal coupling between matter and gravity. The second is the RHS of the equations
of motion (74) which admits the properties of the moving particle (its spin). But in the case of
vanishing b (the spin-torsion coupling), the present theory reduces to GR with all its structure and
advantages. In other words, for b = 0 the field equations (33) and (39) will be reduced to the GR
field equations (77). Also, the equations of motion of the theory (74) would reduce to the geodesic
equation (76). Consequently, in that case, the WEP is satisfied.
7. Cosmological consequences of the suggested theory need more efforts, in progress now. Using
geometric structures, satisfying the cosmological principle, in applications [56] gives some primary
results. The world model obtained is free from particle horizons and flatness problems. More efforts
are still needed to explore other properties of this model.
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